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Design Method for Minimizing Sensitivity
to Plant Parameter Variations
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A method is described for minimizing the sensitivity of multivariable systems to parameter variations. The
variable parameters are considered as random variables and their effect is included in a quadratic performance
index. The performance index is a weighted sum of the state and control covariances that stem from both the
random system disturbances and the parameter uncertainties. The numerical solution of the problem is described
and application of the method to several initially sensitive tracking systems is discussed. The sensitivity factor of
reduction was typically 2 or 3 over a system based on random system noise only, and yet resulted in state rms in-
creases of only about a factor of two.

I. Introduction
T^HE design of controllers for linear time invariant
JL systems has become well advanced in recent years. Both

time domain and frequency domain methods are well
developed and a considerable body of experience has ac-
cumulated. Unfortunately, in most realistic design problems,
the system is not linear nor is it time invariant. However, in
many uses, if the nonlinearities are mild and the time
variation of the parameters is bounded, a linear time invariant
approximation of the system can be used for controller
design. Both the design techniques and the resulting con-
trollers are then much simpler.

Using such an approximation, however, gives rise to the
problem of parameter sensitivity. A controller that performs
adequately when the plant parameters have their assumed
values, may become unsatisfactory when these parameters
vary. The desirability of low parameter sensitivity is therefore
obvious. This sensitivity may be defined, depending on the
way in which the performance criteria are given, as trajectory
sensitivity,1 eigenvalue sensitivity,2 or transfer function sen-
sitivity3

In the present paper, the sensitivity of controllers designed
by time domain techniques is examined, and a method for its
reduction is developed. Special emphasis is placed on the in-
vestigation of state feedback controllers in which the states
that are used for feedback are estimated rather than
measured. This is the case for most such controllers since, in
general, the number of measurements is much less than the or-
der of the system.

The problem of sensitivity is treated extensively in the
literature. A collection of the most representative papers
dealing with this subject was recently published by Cruz.4

Most of these papers, and others that are not included in the
collection, treat various theoretical aspects of the problem.

Presented as Paper 74-927 at the AIAA Mechanics and Control of
Flight Conference, Anaheim, California, August 5-9, 1974; submitted
September 3, 1974; revision received March 12, 1975. This work was
partially supported by NASA under Contract NGR-05-020-019.

Index categories: Navigation, Control, and Guidance Theory;
Spacecraft Attitude Dynamics and Control.

* Research Engineer.
t Assistant Professor of Aeronautics and Astronautics. Associate

Fellow AIAA.

Design papers, in which methods of sensitivity reduction are
described, are scarce.

For controllers that are designed by time domain
techniques, the most common approach given in the literature
for sensitivity minimization (for example5'7 is the augmen-
tation of the state by the trajectory sensitivity vector a defined
as cr = cbt/djn where x is the state vector and /* is the variable
parameter.

A performance index for this augmented system is defined
and the control structure is specified. It may be full-state feed-
back (for the augmented system)5'6 or feedback of some or all
of the plant states,8>9 The feedback gains that minimize the
performance index are determined by computational or ex-
perimental methods.

The application results for these methods are mostly given
for low-order systems. The results that are reported for higher
order systems seem to be inconclusive.10 Also, these methods
are computationally difficult to apply to systems which have
more than one variable parameter. No published results have
been found concerning the effect of using state estimate feed-
back rather than state feedback in conjunction with this
method.

A different approach is used by Palsson and Whittaker11

for the sensitivity minimization of single-input single-output
systems subjected to step inputs and which may have several
variable parameters. In this approach, the variable
parameters are considered as random variables with known
means and variances. A performance index of the form

S oo
xTAxdto

is minimized where the mean is taken over the values of the
variable parameters. The minimization is accomplished by ad-
justing a set of parameters that are at the designers disposition
such as feedback gains. The method developed in the present
paper is based on the Palsson-Whittaker approach but is ap-
plicable to multivariable systems subject to arbitrary inputs.

The organization of the paper is as follows: In Sec. II, the
sensitivity of state estimate feedback controllers is examined
and illustrated by means of an example. In Sec. Ill, the sen-
sitivity reduction method is described. Section IV contains ap-
plication results of this method. Conclusions are given in Sec.
V.
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II. Sensitivity of State Estimate
Feedback Controllers

Consider the system

y=Hx + v

(la)

(Ib)

where vv = process noise and F=disturbance distribution
matrix. The control is defined as

(2)

where u is the matrix of controls, C is the state feedback
matrix, x is the state vector of an estimator, and u0 is an ex-
ternal control. The estimator dynamic equation is

nu+K(y-Hnx) (3)

where K is the estimator gain matrix, and the subscript n
signifies the nominal value of the plant parameters.

The dynamic equations of the augmented system consisting
of the system and the estimator are obtained by combining
Eqs. (1-3) and by using

x=x—x

When the plant parameters have their nominal values these
equations are

Fn-GnC

0

GnC x

x

T

r +
0

K
v +

0
(4)

The eigenvalues of the controller (F-GC) and of the
estimate error (F-KH) appear separately in the augmented
system.

If the plant parameters differ'from their assumed values so
that

(5a)

(5b)

(5c)

the dynamic equation of the augmented systems becomes

F-GC

dF-dGC-KdH

0

K
v +

G

dG

GC

u0 (6)

The salient fact that can be observed from this equation is
that the parameter perturbations couple the state into the
estimate error and therefore destroy the separation of the
eigenvalues. This coupling in many instances causes the
system to be much more sensitive to parameter variations than
it would be if true state feedback were used. This is illustrated
in the following example.

The plant used in this example is derived from the Stanford
Relativity Satellite for which a controller was designed by J.
Bull.2 This satellite is shown in Fig. 1. It consists of an outer

2 ANTENNAS
LOCATED ON
OPPOSITE
PANELS

ENTIRE GIRTH RING
REMOVABLE FROM
DEWAR AS A UNIT

Fig. 1 Configuration of the Stanford relativity satellite.12
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Fig. 2 Dynamic model of low frequency approximation of the Stan-
ford relativity satellite.12
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Fig. 3 Root locus vs bk for state estimate feedback controller.

body in which a helium filled dewar is mounted elastically.
The dewar contains a telescope which is also connected to it
elastically. The attitude of the telescope is controlled by
means of two controllers: 1) an actuator between the telescope
and the dewar; 2) a thrustor mounted on the outer body.

The attitude of the telescope is measured. The actuator
provides the high bandwidth precision control for the
telescope, and the thrustor controls the outer body so that the
relative attitude between the three bodies remains small.

The plant used in the example is a low-frequency ap-
proximation of the full system. This approximation is ob-
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tained by assuming that the spring force in the stiff inner
spring is at all times cancelled by the actuator control force so
that no net force is applied by the telescope on the middle
body. The dynamic model of this approximation is shown in
Fig. 2. The damping constant is low and may be neglected in
the analysis.

The reasons for the use of this approximation rather than
the full system are: a) It exhibits the same sensitivity proper-
ties as the full system to variations of the spring constant K^,
and it is simpler to analyze. Better understanding can
therefore be obtained about the underlying reasons for its sen-
sitivity, b) It demonstrates the sensitivity problem for the class
of systems which have an elastic element between the con-
troller and the controlled element.

The disturbances acting on this system consist of the
thrustor noise and a noise torque between the outer and mid-
dle body, both assumed white. The intensity matrix of these
disturbances is obtained from Ref. 12 as

locus is obtained by inserting different values of k-a into Eq.
(7) and computing the system eigenvalues. The root locus is
shown in Fig. 3.

The range of variation of ka for which the system is stable
.is

0.73 <(dka/ka)< 1.26 (8)

Q=
l . l x l O - 1 4

0

0

2.3xlO- 1 4
[rad2 sec~3]

This range is not sufficient since ka is ill defined and may vary
considerably from its nominal value. Also, the range of per-
mitted variation is smaller than the stability range since at
least some damping is required for adequate response.

For comparison, the root locus vs dk is shown in Fig. 4 for
the same system but with state feedback instead of state
estimate feedback. No parameter sensitivity problem exists
for this case, and it is therefore obvious that the sensitivity
problem stems from the use of state estimates, instead of
states, for feedback. In the root locus of Fig. 3, the sensitivity
problem is apparent. More insight into its underlying reasons
can, however, be gained by considering the open loop transfer
function, given in Ref. 13.

The measurement noise intensity is R = 5.5 x 10 17 rad2 sec.
Using these noises and state and control weighting matrices

obtained from the same reference an optimal controller and
filter are designed. The
the form of Eq. (6) as

G0(s) = = H(sI-F)

Cad)(sI-F+KH)K
A ll\.
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where

and

r A r • • iX' — [7, 7, Oi, a\

(see Fig. 2). When ka = 25, this equation takes the form of Eq.
(4).

The eigenvalue change as a function of dka = ka — 25 is con-
veniently represented in the form of a root locus. This root

where adj is the adjoint matrix; det is the determinant. G0
(y'oo) is shown in Fig. 5. Because of the undamped plant
natural frequency, the frequency response has three zero
crossings: points A, B, and C. The stability criteria for points
B and C are found from the polar plot of the system. They are
<£>£>180° and <^c<180° where <pB and <pc are the negative
phase angles at the points B and C, respectively. The sen-
sitivity to variations in ojn=Vka. can be found from this
criterion.

Figure 6 is an amplitude-frequency plot of the region of
u = ur with part of the phase frequency plot overlaid. Since
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Fig. 4 Root locus vs bk for state feedback controller.
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Fig. 5 Open loop frequency response of the controller.

Fig. 6 Frequency response in the region of resonance.

the plant root at co = cow has no damping, its influence on the
phase frequency'plot consists of the addition of a phase lag of
180° at this frequency without modifying the plot at other
frequencies. Also, the shape of the amplitude-frequency plot
in the vicinity of this frequency is determined mostly by this
root. Changes in the natural frequency of the plant will
therefore cause the amplitude plot to move relative to the
phase plot in Fig. 6 without changing the shape of the phase
plot and with little change in the shape of the amplitude plot.
It can be seen from the figure that changes in un will cause in-
stability as follows: 1) decrease by 1 rad/sec—instability by

2) increase by 0.8 rad/sec— instability by

<pc> 180°. The region of stability found by this approximate
method is somewhat larger than that found by the root locus
method.

To decrease the sensitivity, the frequency margins 6wL and
duu have to be increased. This can be done by modifying the
compensator roots so that the phase slopes in the region of the
zero crossings at B and C are decreased. However, decreasing
the slope in the vicinity of B will also decrease the phase
margin at the first zero crossing, A. An acceptable com-
promise may be difficult to find and no systematic way exists
to achieve it even for this simple system. The example given in
Sec. II demonstrates the sensitivity problem of state estimate
feedback controllers and motivates the requirement for a
method to reduce this sensitivity.

III. Description of the Sensitivity
Reduction Method

The method described in this section is applicable to the
sensitivity reduction of linear systems that can be described by
Eq. (1). The systems may be multivariable and subject to ar-
bitrary inputs, both deterministic and stochastic. The basic
equations of this method are similar to those given by Palsson
and Whittaker n but the method of their solution is totally dif-
ferent.

A. Problem Statement
Consider the system of Eq. (1) where the matrices F, G, T,

and H contain parameters the values of which are uncertain.
If these parameters are considered as Gaussian random
variables, a Gaussian random vector z may be formed of
which they are the components. This vector is specified by

E(z)=z0 (10)

where the components of z0 are the nominal values of the
parameters, and by

F(77T\ — y i d\\
J-^ \ 4,4, ) — * ' V A A /

a covariance matrix which is assumed known. Equation (1)
may then be written as

=F(z)x+G(z)u

y =H(z)x + u

x(0)=0

A quadratic performance index (PI) for this sytem is

(12)

(13)

where A and B are selected by the designer. In this expression
the expected value is taken over the probability distributions
of x and u that are derived from both the distributions of the
random process w and of the random vector z. Since w and z
are independent, the expected value of a function of x and u is

E [ ( x , u ) ] = \ E#(w)dw = ( Ewp(z)dz
J w - J z i

(14)

where

Ez = \ g ( w , z ) p ( z ) d z
J z

is the expected value over the distribution of z and

Ew= g(w,z)p(w)dw
J w
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is the expected value over the distribution of w. The control is
defined as

u=-Cx (15)

where the structure of the matrix C is given and the values of
its coefficients may be left free or defined by functional
relationships to other parameters of the system. For this
definition of u to be valid, Eq. (1) in general is required to
describe an augmented system that includes the plant and the
compensations. The matrices F, H, and F then have to be
defined accordingly. For state estimate feedback controllers,
the augmented system is given by Eq. (4). For this case, u is
defined as

u=[0,-CE] [x,x]T=[-CE,CE] [x,x]T

A free parameter vector q is defined by the designer. This vec-
tor consists of n q parameters of the system matrices that can
be varied by the designer.

The problem is now stated as follows: given the system of
Eqs. (1) and (15) in which the system matrices are functions of
a variable parameter vector defined by Eqs. (10) and (11),
determine the value of the free parameter vector q so that the
PI of Eq. (13) is minimized.

B. Method of Solution

Using Eq. (15) in Eq. (13), the PI becomes

1
J=lim

./y-a
A + CTBC)x]dt

o

lim —— \'fE(xxT)dt]
tf-ao tf JO

(16a)

(16b)

where tr is the trace operator. The state vector x may be writ-
ten as

x(w,z) =xn(w,zn) + dx(w,dz) (17)

where xn is the state vector obtained when the parameters
have their nominal values, and dx is the perturbation in the
state vector due to a perturbation dz in the variable parameter
vector.

Assuming small perturbations in z so that a first-order ex-
pansion is satisfactory, substituting Eq. (15) into Eq. (12) and
defining FC=F—GC, the governing equations for xn and dx
become

xn=

dx= F^

xn(0)= 0; dx(0)=0

(18a)

(18b)

(18c)

where

and Sr =

The expected value of dx can be shown to be

E[dx(t)]=0 (19)

The expression E(xxT) in the PI of Eq. (16) can now be
evaluated in terms of xn and dx,

E(xxT)=E[(xn + dx) (xa + to)T] (20a)

E(xxT)=E(xnxT
n )+E(xndxT)+E(dxx^)+E(dxdxT) (2Gb)

In this equation,

and therefore

E(xxT) =E(xnxT
n) +E(dxdxT) =. (21)

where Xn is the covariance matrix of the nominal state. dX
can thus be interpreted as the addition to the covariance due
to the parameter uncertainties. Substituting Eq. (21) into Eq.
(16) yields

J=tr | (A + CTBC)\im —— — \'f [Xn (t) +dX(t) ]dt\ (22a)
I t* OO J 0 ]

(Xn+dX)] (22b)

where Xn and 33T are the time averages over time of Xn and
dX, respectively. For a stable system, Xn and dX tend to con-
stant values Xn (oo) and dX(oo) . Since the averaging in Eq.
(22) is performed over a large time interval, it can be assumed
that Xn-*Xn(oo) and 6^-5^(00). The PI therefore
becomes

J=tr[[A + CTBC)Xn(<x>)+dX(oo)]}=J0 + Ja (23)

where

is the nominal PI and

is the additional PI due to the parameter variations.
The PI of Eq. (23) can be minimized computationally by a

two-step sequence: 1) the matrices Xn(<x>) and 6^(00) are
found for a given value of the free parameter vector q. The PI
that corresponds to this value is then determined. 2) The vec-
tor is modified in a direction that decreases J.

This sequence is repeated until the decrease in J in one cycle
is less than a predetermined value. The two parts of this
sequence are independent and computer programs for each
one can be developed separately.

C. Governing Equations f or Xn and bX

For, brevity, the subscripts of xn and Xn are now dropped.
To find^C use (d/dt) (XXT), viz.,

(d/dt) (XXT)=XXT+XXT (24)

Substituting Eq. (18) into Eq. (24) yields

(d/dt) (xxT) = (Fcx + r\v)xT+X(Fcx + Tw)T

=FcxxT+T\vxT+xxTFc
T+xwTTT (25)

Taking the expected value of both sides of this equation and
using the defintion

E(xxT)=X

Equation (25) becomes

But

E(xwT) =E{ [eFc'x(0) 4-

(26)

] \vT(t) }
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and

Therefore

E[w(r)wT(t)]=Qd(t-T)

E [ x ( 0 ) w ( t ) ] = 0f

E(xwT) = ViYQ

Similarly,

Using Eqs. (27) and (28) in Eq. (26), the covariance is

(27)

(28)

(29)

In the steady-state, X=0 and the final equation for X^ is

FCX00+X00F^+TQTT=0 - (30)
The governing equation for dX can be formed in a similar

way, using

(d/dt) (5xdxT)=dxdxT+dxdxT (31)

and Eq. (18b). The equation for dX^ is obtained as

6X00FT+FcdX00= -Ez[dTQdTT+ Y^ dF? + dF CY „] (32)

where Y=Ew(xdxT). To get the governing equation for Y^,
(d/dt) (xdxT) is used, viz.,

(d/dt) (xdxT)=xdxT+xdxr

The steady-state value of Yas t-+ oo is then given by

The governing equations for X^ Y^ and dX^ all have the
same form: AX+XAT=B, where A and B are given. They
must be solved in the order in which they are written because
the right-hand sides of the second and third equations contain
expressions found in the solution of the previous equations.
For their actual solution, these equations must be written in a
slightly different form. Equation (33) is rewritten as

(34)

y is therefore obtained in the form of a sum

£" Yfe
i^l

where Yf is the solution of

(35)

This equation is solved «z times with different right-hand
sides.

The right-hand side of Eq. (32) can be written as

ar

(36)

where Fis the parameter covariance matrix [see Eq. (11)].
The final equations for Xx and 5XX are therefore

(37a)

FcYi+ YfT
c = -FQ —— -^oo r^ i = l...nz (37b)

dZf dZi z

Q( L

(37c)

In the problem statement, the parameter covariance matrix
V is assumed known [see Eq. (11)]. Its elements are a
measure of the uncertainties in the parameters. In reality,
however, these uncertainties are ill defined and the matrix Fis
considered mainly as a design tool. The magnitude of its
elements is selected according to the importance of the sen-
sitivity reduction for the respective parameters.

Equations (37) remain valid if the system is forced by inputs
other than white noise. If the disturbance is colored, it can be
modeled by means of a shaping filter forced by white noise.
An augmented system can then be formed consisting of the
states of the system and of the shaping filter. This augmented
system is excited by white noise and Eqs. (37) are therefore
valid for it.

For deterministic systems which are required to recover
from nonzero initial conditions the white noise vector w is
replaced by an impulsive input vector w, at t -0: vv, = w0d(t).
The initial conditions are then represented by the equivalent
initial impulses. Equations (37) can be used, unchanged, if the
following terms are redefined:

{ oo
xxTdt

0

Y= xdxTdt

^ (°°dxdxTdt
Jo

(38a)

(38b)

(38c)

(38d)'

With these redefined terms, the deterministic PI is given by
Eq. (23). If the system is to be optimized for some deter-
ministic input other than an initial impulse, this can be han-
dled by state augmentations.

D. Description of the Computer Program

The computer program PAROPT for the minimization of
the PI of Eq. (13) is described in detail in Ref. 13. Only its
main features are described in this section. It consists of two
main parts: 1) a search subprogram and 2) a subprogram for
the solution of Eqs. (37) and determination of the PI from Eq.
(23)

1) Search Subprogram
This subprogram is part of the program library of the Com-

puter Science Department at Stanford University. Developed
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by Gill, Murray, and Pitfield,4 it iteratively seeks the
minimum value of a scalar function F(q) where q is a vector
of dimension nq by modifying the components of q. The value
of F(q) for a given q is on input to the subprogram. For the
current problem, it is the performance index of Eq. (23). The
operation of this program consists of sequences of numerical
gradient evaluations and linear searches along the direction of
the conjugate gradient. These sequences are repeated until ter-
mination criteria are satisfied.

2) Subprogram for the Evaluation ofJ

It is obvious from the description of the search sub-
programs that the values of J must be computed a large num-
ber of times. In one iteration, nq evaluations are required for
the gradient determination and 3-4 for the linear search. In an
average program, 8-10 iterations may be expected and
therefore it may be required to compute J 100-200 times. For
the program to be of any practical usefulness, a very efficient
method for this computation must therefore be developed.
The principal part of this evaluation is the solution of Eqs.
(37).

The same equation with different right-hand sides is to be
solved 2 + nz times. It is to be noted, however, the Eq. (37a)
and (37c) have symmetric right-hand sides and therefore sym-
metric solutions (Lyapunov equations), whereas the right-
hand side of Eq. (37b) is not symmetric. Several methods are
available for the solution of this equation. These methods are
compared by Hagander15 and Pace and Barnett.16

A direct method was elected in this case. It consists of trans-
forming an equation of the form

AZ+ZAT=B (39)

into the form az = /3 and solving this linear equation by
Gaussian elimination, z ( ^ x l ) and /3 are vectors of the
elements of Z and B, respectively, a. is obtained from A by
algorithms which depend on the form of A (symmetric, an-
tisymmetric, or general).17'18

Gaussian elimination consists of two steps: 1) forward
elimination [£5/3 operations] and 2) back substitution [£2/2
operations ]. Forward elimination is required only if a. is
changed. If only 0 is changed, just the much less costly
backsubstitution is required.

In our case, for one evaluation of the PI, only one forward
elimination of order l/2(n + l ) n is required (for X), and one
of order Vi(n — \)n (for the antisymmetric part of Y7).
Moreover, since the points at which the cost is computed for
the gradient determination correspond to only slightly per-
turbed q vectors, the changes in X and dX that stem from
these perturbations can be obtained by expanding Eq. (37)
about the nominal point and neglecting second-order terms.

The evaluation of the PI and its gradient, therefore, can be
done with only one forward elimination of order Vi (n — 1 )n.
This method was implemented in the computer program
PAROPT, which has been applied to the sensitivity reduction
of several systems. Results of its application are described in
Sec. IV. The largest system to which it was applied is of 12th
order, with 2 variable and 20 free parameters. One iteration
for this system (gradient evaluation + linear search) required
about 40 sec on an IBM 360/67 computer. This method
therefore seems practical for even fairly large systems.

IV. Applications
In this section, an application of the sensitivity reduction

program is described. The system to which it is applied is the
low-frequency approximation of the Stanford Relativity
Satellite as described in Sec. II. The criteria used for the com-
parison of the nominal and desensitized designs (for the same
system) are: 1) sensitivity criterion: the range of variation of
the variable parameter for which the system is still stable (high

range =low sensitivity) and 2) nominal performance criteria:
output and control rins values, and the square root of the
nominal PI, which is 3. weighted rms value.

Some points have to be kept in mind when using these
criteria: 1) The stability range of the variable parameters
should not be construed as defining the actual permitted range
of variation of these parameters. In general, the performance
will become unacceptable for variations that are considerably
less than those that cause instability. 2) The rms values of the
outputs and the controls depend on the assumed covariance
matrices of the process and measurement noises. These
covariance matrices are in general not well known and in some
cases, they are artificially determined in order to get ac-
ceptably damped roots of the estimator. 12 Small differences
(less than a factor of two) in the rms values of different
designs cannot, therefore, be considered as significant.

More precise criteria are difficult to define in general,
although for specific cases, they may exist. In some cases, the
time response envelope to a specific input may be restricted,
or limits may be posed on the phase and gain margins. It is im-
portant to verify whenever such criteria are used that they
reflect actual system requirements and do not pose artificial
restraints on the design.

The parameters that are controlled by the designer (some or
all of which can be used as free variables) are: C, the feedback
gains; K, the estimator gains; and F, the representations of the
variable parameters in the estimator. The last item may
require some clarification. If there are no variable
parameters, the estimator parameters will obviously be select-
ed to be the same as the plant parameters. If, however, some
plant parameters are variable, the sensitivity may be
decreased if their representations in the estimator differ from
their nominal values. It is therefore desirable to include these
representations among the free parameters. The actual selec-
tion of these program parameters will be discussed for each
example separately. The nominal optimal point (found
without considering sensitivity) was selected as the initial
point.

A. Low Frequency Approximation of the Stanford Relativity
Satellite

This system is described in Sec. II. Only the estimator gains
and the variable parameter representations in the estimator
were used as free parameters since it was found in preliminary
runs that the feedback gains do not vary appreciably. The ap-
plication of the sensitivity reduction program in this case is
therefore a redesign of the estimator. The spring constant is
the only variable parameter. The covariance matrix is
therefore a scalar, V= ok

2 where ok is the assumed rms value
of the spring constant.

As explained in Sec. Ill, this rms value does not represent
an actual expected uncertainty of the variable parameter but is
used as a design tool for the relative weighting of the nominal
and additional performance indices. The essential features of
this example are exhibited in the following two designs.

Design 1: ak/ka = 0.

Design 2: ok/kci = 0.

The estimator in these designs is a steady-state Kalman filter
using the nominal values of R and Q given in Sec. II, and the
sensitivity reduction program seeks a balance between the
nominal optimal estimator parameters and those required for
minimum sensitivity.

B. Results
The results of this application are presented below. Designs

1 and 2 are compared to the nominal design. The eigenvalues
of the different designs are shown in Table 1 ; the sensitivity
properties are given in Table 2; the nominal performance
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Table 1 Eigenvalues of nominal and desensitized systems:
reduced Stanford relativity satellite

Controller

Estimator

Nominal
-0.36± 5.017
-0.41 ± 0.4V'
— 1.02±5.11/
-8.33±8.35y

Design 1
-0.38±4.98y
-0.41±0.41/
-1.41±3.17y
-0.8 ±13.2y

Design 2

-0.3$ ±5.05./
- 0.41 ± 0.41j
-1.16±9.19/

-27.6
- 1.14

Table 2 Stability range-reduced SRS

Range of +dka/ka
Stability -&ka/ka

Nominal

+ 0.26
-0.52

Design 1
+ 1

-0.52

Design 2

+ 1.27
-0.8

Table 3 Nominal performance criteria (scaled to initial values)

Nominal Design 1 Design 2

Output rms
Noise 1

Control rms
Noise

Weighted rms
Noise

1.14

1.12

1.09

1.72

1.12

1.12

cu[se<r']
Fig. 7 Frequency margin comparison.

criteria are compared in Table 3; and the frequency margins
of the nominal design and design 2 are compared in Fig. 7.

C. Evaluation of the Results
1) As expected, increasing the assumed uncertainty of the

variable parameter decreases the sensitivity. Since the initial
point is an optimal one, the decrease in sensitivity is linked to
an increase in outnut and control noises.

2) The lower sensitivity of design 2 can also be observed
from its increased frequency margin (Fig. 7).

3) From additional designs that were performed, it was
found that if noise considerations are ignored the resulting
designs are similar to design 2. That means that the un-
certainty in ka that was assumed in design 2 causes the
estimator gains in this design to be determined primarily by
sensitivity considerations. Such considerations can therefore
serve as an important design tool for estimators.

4) Even for this simple system, it would have been difficult
to determine the minimum sensitivity eigenvalue locations
without some general method such as was used.

5) The estimator root at -1.02±5.11/, that was close to a
controller root (see Fig. 3 and Table 1), was significantly
shifted by the desensitizing procedure, thus reducing the ten-
dency of the locus to go into the right half-plane.

The method was also applied to the full relativity satellite as
described in Sec. II.I3 The stability range for this case was in-
creased by a factor of about 2.5 with an output noise increase
by a factor of 2.4 and small control noise increases. The com-
putation time for this case (12th-order system with 20 variable
parameters) was 4 min on a IBM 360/67 computer.

V. Conclusions
1) The method described in this paper can provide a con-

siderable reduction in the system sensitivity to parameter
variations. If the initial system is optimal the output and con-
trol rms values will increase due to the sensitivity reduction.
However, the nature of the optimality of the nominal system
has to be considered carefully since it depends on the assumed
values of the process and measurement noise intensities. In
the examples that were examined, the sensitivities were
reduced by a factor of 2-3, while the output rms increased ap-
proximately by a factor of 2.

2) The example given in Sec. IV used state estimate feed-
back controllers. In this case, the free parameters are the feed-
back gains and the estimator parameters. The method,
however, is by no means limited to such controllers. It is
equally applicable to systems with classical compensation net-
works or other designs that can be represented in state
variable form.

3) The computation time for a 12th-order system with 20
variable parameters was 4 min on a 360/67 computer. This
computation time is almost insensitive to the number of free
parameters. It is therefore recommended to define as such all
the parameters that are at the designer's disposition, at least
for preliminary runs. If some parameters do not vary in those
runs, they may be fixed for subsequent runs.

4) In applying this method, several designs are, in general,
recommended with different parameter covariance matrices.
The comparison between these designs is conveniently made
by means of the stability range and the output and control rms
values. If the system has specific performance requirements
such as time response envelope or gain and phase margin,
these can also be used as comparison criteria. The most
satisfactory design, in general, is a matter of subjective
designer preference.
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